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Abstract
In this work, we introduce a new concept of mild solution of some class of semilinear fractional differential
inclusions of order 0 < a < 1. Also we establish an existence result when the multivalued function has
convez values. The result is obtained upon the nonlinear alternative of Leray-Schauder type.

Résumé
Dans ce travail, nous introduisons une nouvelle dfinition de la solution faible de certaines inclusions
différentielles fractionnaires semi-linéaires d’ordre 0 < a < 1. De méme nous établissons un résultat
d’existence dans le cas ou la fonction multivoque est a valeurs convexes. Le résultat est obtenu moyennant
l’alternative non linéaire de type Leray-Schauder.

1 Introduction

Our aim in this paper is to study the existence of mild solutions for fractional semilinear differ-
ential inclusions of the form:

C-Dgcy(t) - Ay(t) € F(tvyt)v te Jk = (t/mtk—i-l]u k= 07 cees MM (11)

Ayli=y, = Ix(y(t,)), kE=1,....m (1.2)
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y(t) = o(t)  te[-r0], (1.3)

where 0 < a < 1, F : [0,b] x D — P(F) is a given valued multivalued map, I : £ — E,
, A: D(A) C E — FE is the generator of an a—resolvent operator function (a«—ROF for
short) S,. Fractional differential equations have recently been proved to be valuable tools in
the modeling of many phenomena in various fields of science and engineering ([2]). There has
been a significant development in ordinary and partial fractional differential equations in recent
years; see for example the monographs of Abbas et al. [1]. The Cauchy problem for abstract
differential equations involving Riemann-Liouville fractional integral have been considered by
several author; see for example Benchohra et al. [3] and the reference therein.

2 Main results

We consider the following space
PC = {y :[0,0] = E:y € C((tg, tet1], E); E=0,...,m such that

y(ty ), y(th) exist with y(t) = y(ty), k=1,... ,m}
space with the norm

which is a Banach

HyHPC = maX{HkaOO tk=0,... ,’I?’L}

where yj, is the restriction of y to Jy = [tg, tk+1], £ =0,...,m
Set
Q={y:[-rb —>FE:ye DnNPC}.

Now, we can define a meaning of the mild solution of problem (1.1)-(1.3).

Definition 2.1. A function y € Q is called to be mild solution of (1.1)-(1.3) if y(t) = ¢(t) for
all t € [-r,0], Ayli=, = Ix(y(t;)), k =1,...,m and there exists v(-) € L'(J, E), such that
v(t) € F(t,y), a.e. t € [0,b], and such that y satisfies the following integral equation:

S (1)6(0) + / "t — s)o(s)ds it ¢ e 0,41,
0
k
Sa(t = te) [ [ Salti — ti-1)¢(0)
koot = k—1
vt =1 +3 [ st~ t) [ Saltin — t)x (4)
i=17ti-1 j=i
Sa(ti —s)v(s)ds + [ Sa(t —s)v(s)ds
k k—1 e
+> Salt —t) [[ Saltisn —t)Liy(ty)), if t € (t, tra].
i=1 j=i

Let us introduce the following hypotheses:

(H1) A generates a compact a—ROF S, for ¢ > 0 which is exponentially bounded, i.e., there
exist constants M > 1,w > 0 such that:

|sa(t)] < Me*t, t>0.
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(H2) F : J x D — Pepeo(E) is Carathéodory and there exist p € L°>°(J,R) and a continuous
nondecreasing function v : [0, 00) — (0, 00) such that

|E(t,u)||p =sup{|v| : v € F(t,u)} < p(t)y(|ul|) forall teJ, ue D,

J- 0 =

(H3) The functions I : E — E are continuous and there exists a constant M™* > 0 such that

with

[Ir(u)| < M* foreachu e E, k=1,...,m.
Theorem 2.1. Under assumptions (H1)-(HS3) the IVP (1.1)-(1.3) has at least one mild solution
on [—r,b].

Proof. Transform the problem (1.1)-(1.3) into a fixed point problem. Consider the multivalued
operator: N : Q — P(Q) defined by N(y) = {h € Q} such that

o(t), it te[-r0],
Sa(t)p(0) + 1tSoé(t — s)v(s)ds if tel0,t1],
0
k
Sa(t = tx) [ [ Salti — ti-1)$(0)
i=1
h(t) = k ti k-1
y +Z/ Sa(t = tk) [ [ Saltiss —t;)x
i=1 7 ti-1 j=i
Sa(ti —s)v(s)ds + [ Sa(t —s)v(s)ds
k it
+> Salt —ti) [ [ Saltisn —t)Li(y()), it t € (b, trsa).
i=1 Jj=i

3 Conclusion

To our knowledge, there are very few results for impulsive fractional differential inclusions. The
results of the present work extend and complement those obtained in the absence of the impulse
functions .
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